Abstract -Explosive synchronization (ES) of coupled oscillators on networks is shown to be originated from existence of correlation between natural frequencies of oscillators and degrees of corresponding nodes. Here, we demonstrate that ES is a generic feature of multiplex network of second-order Kuramoto oscillators and can exist in absence of a frequency-degree correlation. A monoplex network of second-order Kuramoto oscillators bearing homogeneous (heterogeneous) degree-distribution is known to display the first-order (second-order) transition to synchronization. We report that multiplexing of two such networks having homogeneous degree-distribution support the first-order transition in both the layers thereby facilitating ES. More interesting is the multiplexing of a layer bearing heterogeneous degree-distribution with another layer bearing homogeneous degree-distribution, which induces a first-order (ES) transition in the heterogeneous layer which was incapable of showing the same in the isolation. Further, we report that such induced ES transition in the heterogeneous layer of multiplex networks can be controlled by varying inter and intra-layer coupling strengths. Our findings emphasize on importance of multiplexing or impact of one layer on dynamical evolution of other layers of systems having inherent multiplex or multilevel architecture.
Introduction. -Networks of coupled oscillators provide a useful paradigm for understanding diverse processes such as epidemic spreading [1] , random walks [2] , traffic congestion [1, 3] and synchronization [4, 5] . One of the important factors influencing synchronization of coupled oscillators is topology of the underlying network connecting them [5] [6] [7] [8] [9] . It is well known that Kuramoto oscillators display second order transition to the synchronous state [5] . In recent years, a new phenomenon called explosive (discontinuous) synchronization has attracted attention of many researchers. Explosive synchronization (ES) had been considered to be an outcome of microscopic correlation between the network topology and natural frequencies of the Kuramoto phase oscillators [10] [11] [12] [13] [14] . However, Tanaka et al. [15, 16] , in their seminal work pointed out that a network of second order Kuramoto oscillators i.e., Kuramoto oscillators with an inertia term, is capable of displaying a discontinuous (first-order) transition to synchronous state inherently in absence of any correlation between natural frequencies and network degrees of oscillators. Furthermore, recently Peng et al. [17, 18] demonstrated that scale-free networks of second-order Kuramoto oscillators with frequency-degree correlation exhibit cluster explosive synchronization. Additionally, similar to the first-order Kuramoto oscillators [10] , the discontinuous transition can emerge in a strongly assortative scale-free network of the second-order Kuramoto oscillators in presence of a positive correlation between their degrees and the natural frequencies [19] .
Further, to fully investigate properties of a diverge range of real-world networks such as transportation [20] , social [21] , brain [22] or infrastructure [23] , a multilayer or multiplex framework [24] [25] [26] [27] [28] approach is becoming necessary. Recently it has been demonstrated that adaptive and multilayer networks of first-order Kuramoto oscillators display ES in absence of a degree-frequency correlation [29] . In this paper, we study phase transition in a two-layered multiplex network of second-order Kuramoto oscillators. It is shown that the second-order Kuramoto oscillators on a monoplex network bearing homogeneous degree-distribution such as globally connected, random and small-world exhibit the first-order synchro- nization transition. We show that when a network bearing homogeneous degree-distribution is multiplexed with another network having the same type of degree-distribution, both networks display first-order (explosive) synchronization transition. More interesting is the behavior depicted by the networks having heterogeneous degree-distribution. A monoplex network of second-order Kuramoto oscillators having heterogeneous degree-distribution such as scalefree network displays a second-order phase transition, however, when multiplexed with a network having homogeneous degree-distribution, it starts displaying a firstoder (explosive) synchronization transition. Hence, our investigation reveals that the first-order transition in a network can be induced via multiplexing it with another layer which already exhibits second-order transition. Further, for the scale-free networks, such induced first-order transition upon multiplexing is weak and can be enhanced by controlling multiplexing properties such as inter and intra-layer coupling strengths. Impact of the inter-layer coupling strength on synchronizability in multiplex network is also reported by Dwivedi et al. [30] . We demonstrate that an increase in the inter-layer coupling leads to a gradual strengthening of the first-order (ES) nature of the transition. On the contrary, increasing the intra-layer coupling strength in the scale-free layer yields already weak first-order transition further weaker and eventually reverting it to the second-order.
Theoretical Framework. -For a monoplex network of N second-order Kuramoto phase oscillators, the evolution of each oscillator is ruled by
where i=1, ..., N , ω i (θ i (t)) is the natural frequency (the instantaneous phase) of ith oscillator, parameter m is mass, λ is homogeneous coupling strength and k is the average degree of the network. Elements of the network's adjacency matrix are indicated by a ij , a ij =1 when the nodes i and j are connected and a ij =0, otherwise. The extent of synchronization in a network can be measured by a global order parameter R defined as Re ιψ =(1/N ) N j=1 e ιθj , where ψ is network's average phase, and 0≤R≤1. The order parameter R takes value 0 for an incoherent state and 1 for a phase synchronized state. Upon progressively increasing the coupling strength λ, the coupled oscillators undergo a change in phase-state from the incoherent to the synchronous one at a critical coupling strength. This process is referred as phase transition to synchronization.
Next, we consider a multiplex network comprising of two layers of the same size N . Each node is represented by a second-order Kuramoto oscillators with its evolution governed by (2) where i=1, ..., N , and subscripts 1, 2 stand for the first and second layers, respectively. D x is inter-layer coupling strength. M i,j is element of adjacency matrix of multiplex network M denoted as,
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where E y stands for intra-layer coupling strength of the second layer, I is the identity matrix and A 1 and A 2 are adjacency matrices of the first and second layers, respectively. We track the phase transition to synchronization in both the layers of a multiplex network by means of order parameters R 1 and R 2 , respectively, given by
First, we adiabatically increase the coupling strength λ from λ 0 (incoherent) to λ 0 +nδλ 0 (synchronous) state in steps of δλ 0 . Second, we adiabatically decrease the coupling strength from λ 0 +nδλ 0 (synchronous) to λ 0 (incoherent) in the step of δλ 0 . We compute the order parameters R 1 and R 2 for λ 0 , λ 0 +δλ 0 , ...λ 0 +nδλ 0 for both the increasing (forward, i.e., F ) and decreasing λ (backward, i.e., B) directions. Before each δλ 0 step, we eliminate initial transients and integrate the system long enough (10 4 time steps) using a fourth-order Runge-Kutta method with time step dt=0.01, to arrive at the stationary states. Synchronization Transition in Monoplex Networks. -Before presenting results for synchronization transition (ST) in a multiplex network, we discuss ST in a monoplex network having different network architectures such as globally-connected, Erdös-Rényi (ER) random, small-world (SW) and scale-free (SF) networks generated using Barabási-Albert model [31] . in the forward and the backward directions, respectively, for the onset of ES are slightly different for the globallyconnected, ER and SW networks, whereas the SF networks exhibit a usual second-order transition with critical coupling λ c =2.1.
Synchronization Transition in Multiplex Networks. -Here we discuss investigation of ST in a multiplex network for various combinations of networks architecture for two layers. To systematically investigate the effects of multiplexing, we fix the first layer of the multiplex network to a globally connected network and choose architecture of the second layer from ER, SW and SF network models.
For a multiplex network with the first and second layers represented by the globally connected networks, both the layers exhibit the first-order transitions and related hysteresis loops with values of λ (Fig. 3) . It indicates that upon multiplexing, the critical coupling λ F c for both the layers increases and the hysteresis width either manifest an increase or remains the same. We further observe that when the second layer is comprised of either ER or SW network, it exhibits the first-order (ES) transition and associated hysteresis loop for the forward and the backward directions in λ (Fig. 4(a) and Fig. 5(a) ), respectively. Moreover, the hysteresis widths corresponding to the ER and SW networks depict an enhancement upon multiplex- ing as compared to those for the corresponding monoplex networks (Fig. 2(b) and Fig. 2(c) ). However, when the second layer is comprised of the SF network, multiplexing with a globally connected layer yields an interesting behavior. For this arrangement, the second layer also starts exhibiting a first-order (weak) transition with a hysteresis loop in the forward and in the backward direction ( Fig.  6(a) ) as compared to the second-order transition manifested by the monoplex SF network ( Fig. 2(d) ).
Effect of inter-layer coupling strength on ST:
We have already witnessed that multiplexing two layers affects synchronization properties of both the layers. It is therefore interesting to trace that how variations in the inter-layer coupling strength further affect transition in the second layer. First, we investigate the impact of interlayer coupling strength on ST in a multiplex network with first layer fixed to a globally connected network and second layer represented by a ER network. For a usual case of inter-layer coupling strength being same as that of intralayer (i.e., D x =1), ST in ER network exhibits the firstorder transition with an existence of the hysteresis loop and the dynamical evolution of the ER layer does not synchronize simultaneously with that of the globally connected layer (see Fig. 4(a) ). For a larger value of interlayer coupling strength (say D x =4), a stronger first-order transition is observed for the second layer. Additionally, the hysteresis loop for the second layer now exhibits a coherent behavior with that of the first layer (see Fig. 4(b) ). For a further increase in inter-layer coupling strength the first-order ST for the second layer, corresponding to a large D x =8, becomes as strong as that of the first layer and the hysteresis loop associated to it now is in a complete coherence with that of the first layer (see Fig. 4(c) ). Second, we investigate ST in the SW networks upon its multiplexing with a layer represented by globally connected network. It is found that for D x = 1, the SW layer displays the first-order transition (though weak as compared to the ER layer case) with a hysteresis loop which is not in coherence with that of the first layer as depicted in Fig. 5(a) . However, when inter-layer coupling D x is increased to 4, the first-order ST observed for the SW layer becomes stronger. Moreover, both the layers now synchronize with each-other accompanied with a slight reduction 
in their hysteresis widths (Fig. 5(b) ). For a larger interlayer coupling (D x =8), the first-order ST for the second layer becomes almost as strong as that of the globally connected layer. Both the layers synchronize simultaneously and their hysteresis widths are further reduced to a new low as displayed in Fig. 5(c) . On the basis of above simulation results, we infer that strong inter-layer coupling strengthens the ES transition in a non-globally connected multiplex layer.
Next, we investigate effects of D x on ST in a multiplex network with the first layer fixed to a globally connected and the second layer to a SF network. As displayed by Fig. 6(a) , for a usual case of D x =1, there is a weak first-order transition with a hysteresis loop in the forward and in the backward directions. Furthermore, for the SF layer, R F 2 and R B 2 do not get synchronized simultaneously with those of the globally connected first layer. Upon increasing D x to 2, the first-order ST in the second layer gets enhanced or becomes stronger, and associated hysteresis width widens which gets synchronized almost simultaneously with the first layer (Fig. 6(b) ). For D x =4, we observe an enhancement in ST of the second layer, and the second layer which now exhibits a stronger first-order transition accompanied with a broader hysteresis loop (Fig. 6(c) ). Moreover, it gets synchronized simultaneously with the first layer. For a further increase in D x , a much stronger first-order ST is observed for the second layer displaying simultaneous synchronization with the first layer (Fig. 6(d)) . However, such a large inter-layer coupling (D x =8) brings upon a reduction in the width of the synchronized hysteresis loops corresponding to both the first and the second layers. In this way, an increased D x with one layer having globally-connected architecture (yielding first-order ST) helps another layer having heterogeneous degree distribution (second-order ST) in achieving a first-order (explosive) ST. Therefore, choosing a high inter-layer coupling D x allows an enhancement in ST for multiplex networks.
To better understand the underlying dynamics behind the ES transition witnessed for the above case of a SF network multiplexed with a globally connected network, we perform detailed investigation of the nodes behavior. Since networks with the homogeneous and the heterogeneous degree-distributions manifest different behavior, we calculate average frequency of all the nodes with degree k. The average frequency for a degree k is defined as :
where N k is the number of nodes with degree k, and T is the total time of averaging after eliminating initial transients. (Fig. 7(b) ). For the stronger couplings D x =4 and D x =8, nodes of all the degrees synchronize simultaneously at the critical coupling λ f c =1.5 (as depicted in Fig. 7(c) and Fig. 7(d) ), yielding an obvious first-order (explosive) transition. It is apparent that the larger D x values do not influence the onset of synchronization as the value of λ F c remains fixed to 1.5 for higher values of D x in a network of 100 nodes. From these observations we can conclude that strengthening the inter-layer coupling (or multiplexing impact) greatly enhances the underlying dynamics towards ES.
Effect of intra-layer coupling strength on ST: Next, we discuss impact of relative mis-match in intra-layer coupling for layer, on ST for multiplex networks. Let us first consider a multiplex network comprising a globally connected and a SF networks. E y is introduced in the SF layer of the multiplex network. As we have already seen that for a usual choice of D x =1 and E y =1 (Fig. 8(b) ), the first layer having globally connected and the second layer having SF topology display a strong discontinuous and weakly discontinuous transitions (seen at λ F c =1.4), respectively. However, when E y is set to 0, which corresponds to each node of the second layer being connected mere to a single node in the first layer via the inter-layer couplings, this arrangement leads to an enhancement in ST in the second layer causing a strong first-order transition (see Fig. 8(a) ) which synchronizes simultaneously with the first layer. On contrary, for an increased E y (say E y =4), a weak discontinuous ST in the SF network becomes further weaker with no change in the onset of synchronization or λ F c (=1.4) (see Fig. 8(c) ). For a more strong E y , the weak first-order ST with its hysteresis loop gets disappeared and instead a second order transition is observed. Therefore, a gradual increase in the intra-layer coupling strength weakens the first-order (explosive) ST further and eventually turns it into a second-order one with no hysteresis. Hence, a lower value of E y in heterogeneous layer is good for the enhancement of explosive synchronization in the same layer.
Effect of number of layers and size of network on ST:
It is important to investigate how the nature of synchronization is affected by change in both the number of layers and the number of nodes in multiplex networks. Fig.  9 presents ST for 3-layered multiplex networks corresponding to two different network size of 100 and 500 nodes. We present results for multiplex network consisting of one globally connected and two SF layers. It transpires that the globally connected layer sticks to its ES nature while the two SF layers exhibit weak ES transition (R 2 and R 3 ). Therefore, the nature of synchronization for a 3-layered multiplex network is similar to that observed for the case of 2-layered network comprising of the globally connected and SF layers. However, interestingly, a single layer of globally connected network (having homogeneous degreedistribution) is capable of inducing ES transition in both the SF layers (having heterogeneous degree-distribution). Besides, the size of network has no significant effect on the nature of ST and only affects the onset of synchronization, i.e., the critical coupling strength. For instance, Fig. 9 indicates that the pair of values of the critical coupling strengths {λ F , λ B } for network size of 100 and 500 are {1.5, 1.3} and {1.7, 1.3}, respectively.
Effect of non-globally connected layers on ST: Next, we consider both layers of a multiplex network represented by non-globally connected networks. We consider a multiplex network consisting of the first layer fixed to a ER network and the second layer is chosen from ER, SW or a SF network. However for these case, behavior of ST is found to be similar to that of the respective cases of multiplex networks with first layer fixed to a globally connected network. Since, both the globally connected and ER monoplex networks bear homogeneous degree-distributions and display a first-order (explosive) ST. From Fig. 10(a) and Fig. 10(b) , it is quite apparent that the second layer comprising ER or SW network gets synchronized simultaneously with the first layer, with the forward and the backward transitions in λ exhibiting hysteresis loops. However, when the second layer is comprised of a SF network, it exhibits a first-order (weak) transition with associated hysteresis loop in the forward and the backward directions ( Fig. 10(c) ). This is an interesting revelation as this combination of layers multiplexed with each-other displays ST behavior similar to that seen in the case of a multiplex network comprising the globally connected and the SF layers. Hence, we deduce that multiplexing a layer having heterogeneous degree-distribution to an another layer having homogeneous degree-distribution induces the firstorder (ES) transition in the former layer which was displaying a second-order transition in isolation. It remains to be investigated further that why a first-order transition always gets induced in the heterogeneous layer and the reverse, i.e., a second-order transition induced in the homogeneous layer, does not occur.
Discussions. -In this article, we explored synchronization transition in second-order Kuramoto oscillators on multiplex network and focused to understand how network structure in one layer affects the synchronization transition in another layer. We observe that the secondorder Kuramoto oscillators on monoplex network having homogeneous degree-distribution such as globally connected, ER or SW network displays first order (ES) transition, while the coupled dynamics on networks having heterogeneous degree-distribution, such as SF networks displays a second-order phase transition. We have reported that when a layer with homogeneous degree-distribution is multiplexed with a second layer bearing a similar type of degree-distribution, both layers display a first-order ST. However, a network which follows a second-order transition in isolation such as the networks which are highly heterogeneous, upon multiplexing with another network having homogeneous degree-distribution, starts displaying a weak first-oder ST. Hence, the first-order transition in the second-order Kuramoto oscillators can be induced via multiplexing in those networks which exhibit a second-order ST in isolation. Therefore, in a two-layered multiplex network if one layer comprises a network with a homogeneous degree-distribution another layer will display a first-order transition irrespective of its distribution type. It is further numerically demonstrated that such induced rather weak ES transition can be enhanced making it strong by controlling the inter-layer coupling. Similarly, it can be weakened further eventually turning into a second-order transition by controlling relative intra-layer couplings of layers of the multiplex network.
It has been sought to reason the occurrence of ES. For instance, it has been shown that coexistence of disassortativity in the degrees and the natural frequencies of the nodes leads to ES [35] . Furthermore, it was demonstrated that the dynamical origin of the hysteresis corresponding to ES in a heterogeneous network results from the change in the basin of attraction of the synchronized state [36] . Moreover, using Ott-Antonsen approach [37] , it was reported that in low-dimensional dynamical space corresponding to the globally synchronized state in heterogeneous networks undergo various transitions among diverse collective states such as fixed points and limit cycles, and ES is determined by the bistable state [38] . The reason for witnessing the first-and second-order transitions for the SF layer in the multiplex network considered here lies in the heterogeneity of degrees, which we have explained by computing the average frequencies of nodes having the same degree in the SF layer. When a SF layer is multiplexed with a globally connected layer, the hubs or higher degree nodes in the SF layer get synchronized first. However, the inter-layer coupling strength (D x =1) is not strong enough for the lower degree nodes, driven by globally connected nodes, to get synchronized. Therefore, we observe a weak ES transition. When D x is sufficiently high (say D x =4), the lower degree nodes also, along with the hubs, driven by the globally connected nodes, get synchronized leading to a strong ES transition.
To conclude, earlier studies have shown that coupled dynamical behaviors such as cluster synchronization of a layer can be governed by network properties of other layers in multiplex network [39] . Here, we demonstrate that ES of one or more than one layer can be achieved by multiplexing them with an appropriate network structure.
The Kuramoto oscillators with inertia provide a more realistic model of many systems such power-grid [40] [41] [42] , disordered arrays of Josephson junctions [43] , etc. In a power grid, the first-and second-order Kuramoto oscillators correspond to loads and generators, respectively. These realization have lead a spurt in the activities of investigation of second-order Kuramoto oscillators on networks to get insights to underlying mechanism behind emerging phenomena due to interactions of nonlinear dynamical units. All these investigations on second-order Kuramoto oscillators are restricted to monoplex networks. This article investigates impact of multiplexing on behavior of second-order Kuramoto oscillators, and shows that there is a relation between the strength of multiplexing (inter-layer coupling strength) and ST. The results are important to understand such transitions observed in realworld complex systems inherently having multi-layers architecture. * * * SJ acknowledges DST, Government of India project grant EMR/2016/001921 for financial support.
